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This function does not provide the same value for optimum
v as does the Hamiltonian or the equivalent functions, Fl and
F2 . Comparing F3 with Fl , it will be recognized as the approx-
imation in which \w is replaced by its final value cw and the er-
ror introduced therefore depends on the extent to which \w
differs from cw during the earlier part of the flight.

Some indication of the extent to which the airspeed com-
puted from F3 deviates from optimum is provided by two
numerical examples using an aircraft with idealized aero-
dynamic and propulsive characteristics. The lift, assumed
equal to weight, is given by

L = l/2pv2SCLaa

and the drag, assumed equal to thrust, is given by

where p is the air density, 0.001267 slugs/ft3 at 20,000 ft; S the
reference area, 3500 ft2; and the aerodynamic coefficients
CLa = 10 and €DQ =0.015. The fuel flow is given by f=kT,
where k has the value 0.8 lb/h/lbthrust . For a given weight and
airspeed, the first of these two equations defines the required
angle of incidence a. and substitution into the second gives the
thrust T required to maintain that airspeed. Multiplication by
k then gives the fuel flow. These equations, for a given value
of weight, define the function f ( v ) . In the examples given
here, the differential equations were integrated forward using
a Runge-Kutta method, with iteration procedures to satisfy
the final boundary conditions.

With an initial weight of 300,000 Ib and cost factors of
$l/lb of fuel and $l/s of flight time, the optimum velocity
profile for a range of 5000 mi. is given in the second column of
Table 1 . The optimum flight time and final weight are 44,456 s
and 109,926 Ib. The velocity profile computed from F3, given
in the third column, shows a significant deviation from op-
timum in the early part of the flight. The flight time and
weight in this case are 45,087 s and 110,493 Ib, for an addi-
tional cost of $64 with respect to the optimum.

In the case where fuel usage is to be minimized with both
range and flight time specified, sometimes referred to as four-
dimensional navigation, the same differential equations are in-
tegrated but with the boundary condition, H=ct, replaced by
the terminal condition, t = t f . The same cruise cost function F3
has been proposed by Sorensen and Waters6 and Burrows7 to
compute such trajectories, now using ct as a parameter to ad-
just the time of flight. As may be expected, this provides
suboptimal flight paths. An example is given in Table 2 for the
same aircraft flying over the same range, but with the flight
time specified as 62,000 s. The computed velocity profile given
in the third column is quite different from the optimum profile
in the second column and the fuel usage is 621 Ib more than
optimum, representing a very significant 0.31% loss. Further
details of these computations can be made available on request
to the authors.

Conclusions
Cruise trajectories computed by means of the cruise cost

function proposed by Erzberger and others and, therefore,
also the global flight paths of which they are a part, have been
found to be suboptimal. The extent to which the solutions
deviate from the optimum may be small in many cases, but an
example has been given in which the deviation is quite signifi-
cant, amounting to a fuel loss of 0.3%. This is an extreme case
with an extended flight time unlikely to be used in commercial
operations, but it serves to indicate that significant errors can
arise and that caution is needed in applying the approximate
method, particularly in four-dimensional applications. It is
suggested that, unless the error can be estimated or at least
bounded for each trajectory, an exact cruise cost function
should be used, possibly selected from those discussed above.
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Introduction

T HIS Note discusses two examples that have been used to
demonstrate the superiority of multivariable control

analysis/synthesis techniques based on singular values over
classical techniques. Classical stability analysis, by breaking
loops one at a time, is known to be an unreliable way of testing
robustness to simultaneous perturbations of all the loops.
However, classical stability analysis, by successively closing
loops, is more reliable. The difference between these two
classical approaches has not been well recognized. In this
Note, we show that the successive-loop-closure way of analyz-
ing these two examples does predict a lack of robustness in the
nominal designs and, furthermore, provides insights into how
the design can be changed so as to be more robust.

Examples of Multivariable Control Robustness
Two examples that have been used for the discussion of

multivariable control loop robustness are:
Example 1 (Refs. 1, 2):

y\ i r 5-100 -10(5+1)
52 + 100 [ -10 (5+1) 5-100

(1)

Example 2 (Ref. 3):

-475 + 2 565

-425 505 + 2
"i
U2

(2)

Received July 3, 1986; revision received Aug. 7, 1986. Copyright ©
American Institute of Aeronautics and Astronautics, Inc., 1987. All
rights reserved.

*Assistant Professor, Department of Aerospace Engineering and
Engineering Mechanics. Member AIAA.

tPaul Pigott Professor of Engineering, Department of Aeronautics
and Astronautics. Fellow AIAA.



JAN.-FEB. 1987 ENGINEERING NOTES 119

where (ul9u2) are the two control inputs and (y\,y2) the two
measured outputs to be controlled. A constant-gain diagonal
feedback control logic is given as ul = -Kly{ and
u2 = - K2y2 • Note that K{ and K2 are the loop gains that are
different from the gain perturbations from the nominal design
used in Refs. 1-4. The nominal design point is given as
Kl=K2 = l.

Example 1 was used in Refs. 1 and 2 to illustrate deficiencies
in the classical single-loop-at-a-time method. Example 2 was
used in Ref. 3 to illustrate deficiencies in the inverse Nyquist
array and characteristic loci approaches. It was claimed that
the classical single-loop-at-a-time method fails to predict a
serious lack of robustness in the nominal design for example 1.
It was also claimed that the inverse Nyquist array and
characteristic loci approaches fail to predict a lack of
robustness in the nominal design for example 2. However,
these approaches with perfect diagonalization do not consider
independent perturbations of the loop gains; rather, they con-
sider only simultaneous perturbations, keeping Kl=K2. This
Note shows that the successive-loop-closure approach does
predict a lack of robustness in the nominal designs for these
examples.

First, consider example 1. Figure 1 shows the root locus vs
K! of the first loop closure; for K{ = 1, the closed-loop poles
are at s = 0 and - 1. For Kl > 1, the first loop closure becomes
unstable.

After the first loop closure (ul = -K^y^, the second loop
transfer function becomes

y2 5 + -100)
(3)

The zero as well as the poles are changed by the first loop
closure. The coupling numerator polynomial, defined in the
Appendix, Nc(s) = lQl for this example. The transfer func-
tion zero of the second loop closure is changed by the coupling
numerator polynomial. For Kl = 1, the root locus vs K2 shown
in Fig. 2b indicates a ±oodB gain margin. However, it is not
reasonable to conclude that the system has a ±00 dB gain
margin, since this result depends on an exact pole-zero
cancellation at s= — 1. A root locus vs K2 with Kl =0.9 shows
that one of the complex poles at 5- = - 0.45 ±j 3.13 approaches
the zero in the right half-plane (see Fig. 2a). This will result in
a finite positive gain margin. For K{ = 1.1, the second loop
transfer function will have a positive real zero but an unstable
pole (see Fig. 2c). This will result in a finite negative gain
margin.

If only the 1/5 transfer function were given to a controls
analyst who was aware that the original system was second
order, then it would be natural for the analyst to investigate
the effects of pole-zero cancellation. While the singular value

analysis predicts a lack of robustness in the nominal design for
this example, it does not show why the nominal design is so
sensitive to the gain perturbations. As shown in Figs. 1 and 2,
a classical loop-closing approach using simple root loci clearly
indicates a lack of robustness in the nominal design and, fur-
thermore, provides a direct'way of modifying the nominal
design to have a larger stability margin.

Although this example does not represent any particular
physical system, a nominal design from a classical control
point of view should be u{ = +K\y2 and u2 = -K2yl, where
Kl and K2 are positive gains. It can be easily shown that this
nominal design truly has ±00dB gain margins for each loop.

Similar conclusions can be made for example 2. Figure 3
shows the root locus vs K{ of the first loop closure; for
K\>0.064, the first loop closure becomes unstable. For
K\ = 1, the closed-loop poles are at s= +0.09 and +43.91.
After the first loop closure (ul = -K^y^, the second loop
transfer function becomes

(4)
_____

u2 s2 + (3 - 47^! )s + 2(1 + Kl)

+9.1
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Fig. 2 Root loci vs K2 with perturbed values of Kl (example 1).
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Fig. 1 Root locus vs Kl (first loop closure of example 1).
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Fig. 3 Root locus vs K^ (first loop closure of example 2).



120 J. GUIDANCE VOL. 10, NO. 1

Re(s)
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Fig. 4 Root locus vs K2 with Kv = 1 (example 2).

The coupling numerator polynomial Nc(s)=2 for this exam-
ple. As can be seen from Fig. 4, the second loop closure with
K2 = l brings the unstable poles back to the stable region at
5= -2 and -4. While Ref. 3 states that this example has a
± oodB margin from the inverse Nyquist array and charac-
teristic loci approaches, it can be seen from Fig. 4 that it has
+ oodB and only - 1.1 dB gain margins (imaginary axis cross-
ing at K2 -0.88). Similarly, by closing the K2 loop first, it can
be shown that the Kl loop has - oodB and only +1.0 dB gain
margins; These approaches with perfect diagonalization do
not consider independent gain perturbations; they consider
simultaneous gain perturbations, keeping Kl=K2. The
±oodB gain margin mentioned in Ref. 3 should not be inter-
preted as an independent gain variation.

Conclusions
This Note has discussed two examples that have been used

for the demonstration of the superiority of imiltivariable con-
trol analysis/design techniques based on singular values over
other design approaches. We have shown that the classical
successive-loop-closure approach using simple root loci pro-
vides clear indications of lack of robustness for these examples
and also gives insights into how the design can be changed so
as to be more robust.

Using the relation5

NnN22-Nl2N2l=D(s)Nc(s) (A4)

where Nc (s) is defined as the coupling numerator polynomial,
the closed-loop characteristic equation can be written as

(A5)

After the first loop closure, the characteristic equation of
the second loop can be written as

(A6)

The second loop compensator, K2 (s) can then be designed
in a manner similar to the method for the first loop design.
However, the zeros as well as the poles of the second loop
transfer function are changed by the first loop closure. The
new zeros are related to the coupling numerator. This property
is useful to find the new zeros for the second loop closure in
the root locus analysis. However, a detailed assessment of the
multivariable robustness using the coupling numerator needs
further research.

References
^oyle, J.C., "Robustness of Multiloop Linear Feedback

Systems," Presented at 17th IEEE Conference on Decision and Con-
trol, San Diego, CA, Jan. 1979.

2Doyle, J.C., "Multivariable Design Techniques Based on Singular
Value Generalizations of Classical Control," AGARD GRP Lecture
Series No. 117, Oct. 1981.

3Doyle, J.C. and Stein, G., "Multivariable Feedback Design: Con-
cepts for a Classical/Modern Synthesis," IEEE Transaction on
Automatic Control, Vol. 26, Feb. 1981, pp. 4-16.

4Hartman, G.L. and Wall, J.E., "Multivariable Control Design for
Performance and Robustness," AIAA Professional Study Seminar
Notes, Seattle, WA, Aug. 18-19, 1984.

5McRuer, D., Ashkenas, I., and Graham, D., Aircraft Dynamics
and Automatic Control Princeton University Press, Princeton, NJ,
1973, pp. 163-177.

Relationship Between Kane's Equations
and the Gibbs-Appell Equations

Appendix
This Appendix briefly describes a classical successive-ioop-

closure method5 applied to a dynamic system with two inputs
and two outputs:

y\
D(s)

Nn(s) Nl2(s)

N2l(s) N22(s)
(Al)

where s is the Laplace transform variable, yl and y2 are the
outputs, Ui and u2 are the control inputs, D(s) is the
characteristic determinant, and the A^(s) are the numerator
polynomials.

A diagonal feedback control logic is assumed:

u2 = -K2(s)y2 (A2)

where K^s) and K2 (s) are the diagonal feedback compen-
sators. The closed-loop characteristic equation then becomes

-Nl2N2l) = 0 (A3)
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I. Introduction

I N an earlier article in this journal Kane and Levinson1

have shown that a certain general set of equations is par-
ticularly well suited to obtaining specific equations of motion
for complex spacecraft. In subsequent books and articles
Kane refers to these equations as "Kane's equations."2 In
this paper we will show that Kane's equations are simply a
particular form of the Gibbs-Appell equations, which were
first discovered by Gibbs3'4 in 1879, independently dis-
covered and studied in detail by Appell5'8 twenty years
later, and discussed in a number of textbooks.9'14 We will do
this by showing that Kane's equations are an intermediate set
of equations that occurs in the derivation of the Gibbs-
Appell equations from Newton's equations.
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